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Abstract
We take a critical look at a recent conjecture concerning the past attractor in
the pre-big-bang scenario. We argue that the Milne universe is unlikely to be
a general past attractor for such models and support this with a number of
examples.
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An important issue in cosmology, whether in the context of general relativity or
string theory, is that of “naturalness”. This in turn translates into the question of
initial conditions. One way of studying this question is to ask whether there exists an
“attractor” whose basin of attraction (i.e. the set of initial conditions which evolve
to this state) has a large or full measure in the space of all possible initial data.
In its fullness, this is an impossible question to address at present for a number of
reasons. Despite dramatic recent progress in our understanding of M-theory, we still
lack a definitive non–perturbative formulation of string theory. (For a recent review,
see, e.g., Ref. [1]). This raises the question of whether the results obtained within the
context of the perturbative effective actions are representative and robust with respect
to higher-derivative and loop corrections. Furthermore, the nature of the generic
attractor is not known even at this reduced level because the resulting equations are
non-linear partial differential equations. Consequently, additional restrictions such as
spatial homogeneity must be imposed to drastically reduce the complexity of these
equations. The crucial point here is to establish those attractors that have the largest
basins and are therefore the most ‘natural’ at this level of approximation.
An interesting recent development within string cosmology has been the pre-big-
bang scenario [2]. In this picture, an accelerated, inflationary expansion is driven by
the rapid increase of the gravitational (string) coupling, as parametrized by the dilaton
field. The fundamental postulate of the pre-big-bang cosmology is that the initial
data for inflation lies well within the perturbative regime, where the curvature and
coupling are very small. Inflation then proceeds for sufficiently homogeneous initial
conditions, where time derivatives are dominant with respect to spatial gradients, and
the universe evolves into a high curvature and strongly-coupled regime. At the level
of the lowest-order effective action, the final state of this evolution is singular in both
the curvature and coupling, but it has been proposed that higher-order corrections
should become important at the string scale [3].
The behaviour of pre-big-bang cosmology in the asymptotic past before the onset
of inflation has also been addressed [4, 5, 6]. It was recently conjectured that pre-big-
bang inflation generically evolves out of an initial state that approaches the Milne
universe in the semi-infinite past, t→ −∞, where t represents synchronous time [5].
The Milne universe may be mapped onto the future (or past) light cone of the origin
of Minkowski spacetime and therefore corresponds to a non-standard representation
of the string perturbative vacuum. It is flat spacetime expressed in an expanding
frame:
ds2 = −dt2 + t2
(
dx2 + e−2x(dy2 + dz2)
)
. (1)
The proposal is that the Milne background represents an early time attractor, with
a large measure in the space of initial data [5]. If so, this would provide strong
justification for the postulate that inflation begins in the weak coupling and curvature
regimes and would render the pre-big-bang assumptions regarding the initial states
as ‘natural’.
The aim of this paper is to take a careful look at this conjecture. Since pre-big
1
bang inflation must begin in the perturbative regime, the dynamics of the universe is
well approximated by the string effective action. To lowest-order in the inverse string
tension, the massless bosonic excitations in the Neveu-Schwarz/Neveu-Schwarz sector
of the theory are the dilaton, Φ, the graviton, gµν , and the anti-symmetric two-form
potential, Bµν , with field strength, Hµνλ ≡ ∂[µBνλ]. The effective action is [7]
S =
∫
d4x
√−ge−Φ
[
R + (∇Φ)2 − 1
12
HµνλH
µνλ
]
, (2)
where R is the Ricci curvature scalar and g ≡ detgµν .
Fundamental strings sweep geodesic surfaces with respect to the string frame
metric, gµν , but it is convenient to discuss the dynamics in the conformally related
Einstein frame, where the dilaton is minimally coupled to the graviton:
g˜µν ≡ e−Φgµν . (3)
Moreover, the field strength of the two-form potential is dual to a one-form in four
dimensions, i.e., Hαβγ ≡ eΦǫαβγδ∇δσ, where ǫαβγδ is the covariantly constant four-
form. This one-form may then be interpreted as the field strength of a pseudo-scalar
axion field, σ. The effective action (2) is therefore equivalent to
S =
∫
d4x
√
−g˜
[
R˜− 1
2
(
∇˜Φ
)2 − 1
2
e2Φ
(
∇˜σ
)2]
. (4)
For the class of models we consider, a massless, minimally coupled scalar field φ
(where the gradient of the scalar field is a timelike vector) may be interpreted in
terms of a stiff perfect fluid:
p = ρ =
1
2
φ,αφ
,α (5)
uα =
φ,α
(φ,βφ,β)
1/2
, (6)
where p is the pressure, ρ is the energy density and uα is the fluid four-velocity. Since
both the dilaton and axion fields are massless, the energy-momentum tensor in the
Einstein frame is then equivalent to that of a stiff perfect fluid, with the equation of
state p = ρ.
In the synchronous frame, where g00 = −1 and g0i = 0, the spacetime metric may
be written in the form ds2 = −dt2 + hijdxidxj (i, j = 1, 2, 3). The Einstein field
equations in this frame are then given by [8]
R00 = −1
2
∂
∂t
χii −
1
4
χj iχ
i
j = T
0
0 − 1
2
T (7)
R0i =
1
2
(
χj i;j − χjj;i
)
= T 0i (8)
Rj i = − (3)Rj i − 1
2
√
h
∂
∂t
(√
hχj i
)
= T ji − 1
2
δjiT, (9)
2
where χij ≡ ∂hij/∂t, (3)Rij is the Ricci curvature tensor constructed from the three-
metric hij, h ≡ dethij , a semi-colon denotes covariant differentiation with respect to
hij and units are chosen such that 8πG = 1.
We begin by briefly reviewing the argument that the only non-singular fixed point
of the Einstein field equations (7)-(9) with a massless scalar field is flat space [4, 5]. It
can be shown that the fixed points exist either at infinity or at φ˙ = χij = ∇i∇iφ = 0.
These two possibilities correspond to a singularity or a stationary field, respectively.
The latter further implies that ∇iφ = 0 if boundary terms are neglected and it
then follows from the field equations that (3)Rij = 0. Since in three dimensions
a vanishing Ricci tensor implies a vanishing Riemann tensor, it is concluded that
the only non-singular past attractor corresponds to flat spacetime. Buonanno et
al. [5] then conjecture that those pre-big-bang models that are negatively-curved and
sufficiently isotropic generically evolve out of the Milne state.
However, we recall that an important feature of synchronous reference frames is
that they are manifestly not stationary, as emphasized by Landau and Lifshitz [8]. In
other words, a gravitational field can not be constant in such a frame (i.e. of the form
χij = 0) while possessing a non-zero energy-momentum tensor, as can be seen directly
from Eq. (7). Thus, synchronous frameworks are not compatible with non-vacuum,
stationary fields (fixed points). As a result, the Milne universe as a seemingly sole past
attractor arises as a direct consequence of working in the synchronous frame, because
in this frame the only non-singular stationary solution (fixed point) is necessarily flat
space.
Now, given that generically one expects to have a non-zero energy-momentum
tensor at the onset of inflation, a more natural question is to ask whether the Milne
universe is likely to be the past attractor with the largest measure of initial states if
one starts with a non-vacuum, pre-big-bang universe and runs it backwards towards
t→ −∞. In the following we shall argue that this is unlikely. We should emphasize
here that the Milne universe may still be an attractor for a certain class of cosmologies.
The question we address is that of its likelihood (i.e. the size of the corresponding
basin and whether or not it carries a full measure).
To substantiate the above discussion, we proceed to present some concrete ex-
amples for which the past attractor is not the Milne universe. We consider families
of models that are often considered in theoretical cosmology, and ask what is the
generic initial state among these particular sets of models out of which an inflating
pre-big-bang cosmology evolved.
Without loss of generality, we may work in the Einstein frame, since we are in-
terested in asymptotic states where the dilaton and axion fields approach constant
values. In this case, the string and Einstein frames become equivalent. It then follows
from the time symmetry of the Einstein field equations that we may gain insight into
the nature of the past attractor of pre-big-bang cosmology by instead considering
the future asymptotic states of classical cosmological solutions to Einstein gravity
containing a stiff perfect fluid.
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We begin with the spatially homogeneous Bianchi models. (For a review of the
Bianchi classification scheme, see, e.g., Ref. [9]). These universes admit a three-
dimensional Lie group of isometries acting simply transitively on the spacelike hyper-
surfaces, t = constant. In the Ellis-MacCallum classification, the models are sepa-
rated into two classes, A and B, depending on the specific group type [10]. Bianchi
models are referred to as orthogonal cosmologies when the fluid flow is orthogonal
to the group orbits. Otherwise they represent ‘tilted’ models. Tilted models are ho-
mogeneous to observers with world lines directed orthogonally to the t = constant
hypersurfaces, but appear to be inhomogeneous to those observers that comove with
the fluid.
It is natural to suppose that the ability of a given model to approach the vacuum
Milne state at late times should be related to the question of whether it is able to
isotropize. Collins and Hawking [11] have proved a theorem stating that modulo some
very general assumptions about the matter fields (that are satisfied by an orthogonal
stiff fluid), the set of spatially homogeneous models that isotropize at late times is of
measure zero in the space of homogeneous initial data. Indeed, they prove that the
only Bianchi types that could possibly isotropize at arbitrarily late times are the types
I, V, VII0 and VIIh. It turns out that types I, V and VII0 can approach isotropy.
However, the type VIIh, which is the only model amongst this subgroup that has
non-zero measure in the space of all homogeneous models, in general does not. In
fact, a necessary condition for a type VIIh model to isotropize is that it must tend
to a k = −1 Friedmann-Robertson-Walker (FRW) universe. Even though this model
does approach Milne asymptotically, it is nevertheless of measure zero in the set of
VIIh models. This suggests that the set of type VIIh pre-big-bang models driven by
a dilaton field that would have evolved out of the Milne state is of measure zero in
the space of type VIIh cosmologies.
We now consider the class B models in more detail. This class contains the Bianchi
types IV, V, VIh and VIIh. It is known that all orthogonal class B perfect fluid models
expand indefinitely into the future (t > 0). Hewitt and Wainwright have proved an
important theorem for these models by employing a dynamical systems approach to
homogeneous cosmology [12]. They have shown that all orthogonal class B Bianchi
models with a stiff perfect fluid, apart from a set of measure zero, are asymptotic in
the future to a plane wave state and asymptotic in the past to the Jacobs Bianchi
I solution. We may interpret this result in the pre-big-bang context by interchang-
ing the past and future states. The Jacobs stiff perfect fluid solution then describes
the evolution of the universe towards the singularity [13]. It contains two essential
parameters and may be interpreted as the generalization of the vacuum Kasner so-
lution to include a dilaton field [14]. It is precisely this solution that corresponds to
dilaton-driven, pre-big-bang inflation in the string frame when the parameters satisfy
appropriate conditions [15]. In general, however, the initial state does not correspond
to a region of flat space, but rather to a plane wave. Two exceptions are the orthog-
onal types V and VI−1. (The latter model is sometimes referred to as the type III).
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In these cases, the models do indeed approach flat space as we trace their behaviour
back to t→ −∞.
Further insight may be gained by considering the type VIIh model. In an appro-
priate coordinate frame, the most general type VIIh metric may be written in the
form [16]
ds2 = a−2
(
−dτ 2 + dx2
)
+ e2(λ−x)dS2, (10)
where
dS2 = coshµ
(
dy2 + dz2
)
(11)
− sinhµ
[(
dz2 − dy2
)
cos 2(kx+ ϕ) + 2dydz sin 2(kx+ ϕ)
]
,
the four variables {a, µ, λ, ϕ} are functions only of t, k2 ≡ h−1 and we have defined
a time parameter τ ≡ ∫ t dt1a(t1). The Einstein field equations (7)–(9) containing an
orthogonal perfect fluid are given by [17]
λ′′ + 2λ′2 − 2− 1
2
(ρ− p) = 0, (12)
ν ′ + 2λ′ν + 2 sinh 2µ
(
k2 − ϕ′2
)
= 0, (13)
(
ϕ′ sinh2 µ
)
′
+ 2λ′
(
ϕ′ sinh2 µ
)
+ 2k sinh2 µ = 0, (14)
α′ + 2αλ′ + 2
(
1 + k2 sinh2 µ
)
+
1
2
(ρ− p) = 0, (15)
α + λ′ − kϕ′ sinh2 µ = 0, (16)
1
4
ν2 +
(
3 + k2 sinh2 µ
) (
1− λ′2
)
+ sinh2 µ (kλ′ + ϕ′)
2
+ ρ = 0, (17)
where ν ≡ µ′, α ≡ a′/a, a prime denotes differentiation with respect to τ and the
energy density and pressure have been scaled by a factor a−2.
These equations for a stiff perfect fluid are identical to those of the vacuum model,
with the exception of Eq. (17), where there is an additional term due to the energy
density. This allows the asymptotic form of the general type VIIh stiff perfect fluid
solution to be established [16, 17]. Eq. (12) can be solved in full generality and the
solution approaches λ′ → 1 as τ → ∞. Thus, the second term on the left-hand side
of Eq. (17) vanishes, but since the remaining terms in this equation are all positive
definite, they must each vanish separately. It follows, therefore, that ρ→ 0, ϕ′ → −k,
µ→ µ0 = constant and α→ (1+ k2 sinh2 µ). This metric corresponds to the vacuum
type VIIh plane wave solution first derived by Doroshkevich, Lukash and Novikov [18].
It may be interpreted as representing two monochromatic, circularly-polarized grav-
itational waves traveling with constant amplitudes in opposite directions along the
x-axis [19]. This plane wave solution would have to isotropize if it were to approach
the Milne state at large t, but it is known that this does not occur. Thus, all but a set
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of measure zero orthogonal stiff perfect fluid type VIIh cosmologies asymptotically
approach a plane wave and can not be written in the Milne form. An example of a
type VIIh solution that does tend to Milne is the particular h = 4/11 solution due to
Barrow [20].
It is important to note that the orthogonal models are special. It is therefore
pertinent to consider the effect that tilt has on the asymptotic behaviour of the class
B models. This is interesting because tilt can be viewed as a form of inhomogeneity.
Of particular interest is the type V model, since the orthogonal stiff fluid solution
does approach the Milne model [21]. We consider the tilted type V stiff fluid solution
found by Maartens and Nel [22]:
ds2 = e2k
(
−dτ 2 + dx2
)
+ r
(
fdy2 + f−1dz2
)
(18)
ρ = e−2k
(
σ,τ
2 − σ,x2
)
, (19)
where a comma denotes partial differentiation, the functions {r, f, k, σ} are defined
by
r = e−2qx sinh 2qτ,
f = (tanhqτ)m ,
e2k = (sinh 2qτ)α
2+β2+(m2−1)/2 (tanhqτ)2αβ ,
eσ = (tanhqτ)−α (sinh 2qτ)−β e2βqx, (20)
and the constants {m,α, β} satisfy the constraint
m2 − 3 + 2
(
α2 − β2
)
= 0. (21)
The scalar function σ may be interpreted as a minimally coupled scalar field. The
solution is tilted if β 6= 0 and the fluid flow is orthogonal to the surfaces of homogeneity
if β = 0.
In the asymptotic limit τ →∞ (t→∞), the metric reduces to
ds2 = e2(2β
2+1)τ
(
−dτ 2 + dx2
)
+ e2τ−2x
(
dy2 + dz2
)
, (22)
where we have specified q = 1 without loss of generality. The matter lines become
null and this corresponds to the case of extreme tilt. Eq. (22) is a locally rotationally
symmetric (LRS) model and can be identified with the equilibrium point labeled H
in the notation of Hewitt and Wainwright [21]. It can be shown that for this model
the dimensionless variable defined by Σ+ ≡ σ+/θ, where σ+ is a shear parameter
and θ is the rate of expansion scalar, tends to a non-vanishing constant given by
Σ+ = −2β2/(3 + 2β2).
Moreover, if we define the light-cone coordinates:
u ≡ exp
[
(1 + 2β2)(τ − x)
]
,
v ≡ 1
(1 + 2β2)2
exp
[
(1 + 2β2)(τ + x)
]
. (23)
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Eq. (22) may be written in the form
ds2 = −dudv + u2/(1+2β2)
(
dy2 + dz2
)
. (24)
This demonstrates that in general, Eq. (22) corresponds to a conformally flat, homo-
geneous plane wave. It reduces to the Milne form of flat space only in the orthogonal
model, where β = 0, and only in this special case does the dimensionless shear pa-
rameter, Σ+, vanish.
It is also important to consider the effects that spatial inhomogeneity may have
on the possible set of initial conditions. The simplest class of inhomogeneous models
are those that break homogeneity in only one direction (x). In general, these models
admit an abelian group of isometries, G2, with orbits corresponding to space-like
two-surfaces. (For a review, see, e.g., Ref. [23]). In the case where the G2 admits two
hypersurface-orthogonal Killing vector fields, the line-element may be written in the
diagonal form [23]:
ds2 = ef
(
−dξ2 + dx2
)
+R
(
epdy2 + e−pdz2
)
, (25)
where f = f(ξ, x) and p = p(ξ, x) represent the longitudinal and transverse parts
of the gravitational field, respectively. The gradient of the function R = R(ξ, x)
determines the properties of the model and the Killing vectors are ∂/∂y and ∂/∂z.
As an example, we consider the class of spatially compact cosmologies with a
three–torus topology S1 × S1 × S1. In this case, one may specify R = ξ without
loss of generality. The general solution to the Einstein-scalar field equations for these
models has been found previously by Charach and Malin [24], who also discussed the
asymptotic behaviour of the solution in the late time (high-frequency) limit, ξ →∞.
In general, the scalar field, φ, and transverse mode, p, decouple and both satisfy the
one-dimensional cylindrical wave equation. In particular, the transverse part of the
metric is given by [24]
p = p0 + α0 ln ξ +
∞∑
n=1
cos [n(x− xn)] [AnJ0(nξ) +BnN0(nξ)] , (26)
where {p0, α0, An, Bn, xn} are arbitrary constants and {J0, N0} are Bessel and Neu-
mann functions of order zero. Formally, a similar expression may be written for the
scalar field and the general form of the longitudinal mode, f , can then be determined.
It was found that the model asymptotically evolves into the Doroshkevich, Zel-
dovich and Novikov (DZN) universe [25]. This corresponds to an anisotropic, spatially
homogeneous background with a null fluid composed of collisionless flows of mass-
less scalar particles and gravitons. The late-time limit of the line-element is given in
synchronous coordinates by
ds2 = −dt2 + a21(t)dx2 + a22(t)dy2 + a23(t)dz2, (27)
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where
a1 ∝ t, a2 ∝ (ln t)(α0+1)/2, a3 ∝ (ln t)(1−α0)/2 (28)
and Eq. (27) does not reduce to the Taub form of flat space, ds2 = −dt2 + t2dx2 +
dy2 + dz2.
In conclusion, we have argued that the recent conjecture that the Milne universe is
a past asymptotic attractor for pre-big-bang cosmologies is a consequence of studying
the dynamics in the synchronous frame. To substantiate this, we have provided a
number of examples for which the past attractor is not the Milne form of flat space
as given by Eq. (1). This included the class of orthogonal, anisotropic Bianchi B
models. This class has a non-zero measure in the space of homogeneous initial data.
A plane wave background is the attractor with a full measure of initial states for this
class. Even in the Bianchi V case, where the orthogonal solution does tend towards
Milne, the inclusion of tilt in the fluid flow removes this possibility. In addition, we
have discussed the G2 inhomogeneous generalization of the Bianchi I model for which
the attractor is the homogeneous DZN cosmology.
These examples demonstrate that within the classes of models we have considered,
the Milne universe is an unlikely past attractor for the pre-big-bang scenario. It
should be emphasized that this does not indicate that such a state is not allowed and,
indeed, it has a number of attractive features. However, we have provided quantitative
arguments that suggest it is not generic. Moreover, our conclusions clearly do not
constitute a general result within all possible models. In view of this, it would be
interesting to consider other classes of inhomogeneous models to establish the extent
of this likelihood in more general settings. Work in this direction is in progress.
Finally, in the above analysis of the orthogonal Bianchi models, we assumed that
the axion field was homogeneous. Alternatively, one may consider the case where the
two-form potential is homogeneous, which then implies an inhomogeneous axion field.
Recently, Barrow and Kunze considered the most general form of the anti-symmetric
field strength compatible with spatial homogeneity in this latter case [26]. They
demonstrated that the Bianchi class B types III and VIh=0,−1/2,−2 are the most general.
This is in marked contrast to the case where the axion field is homogeneous, where the
types VIh, VIIh, VIII and IX have the highest dimension. This would seem to indicate
that assuming a time-dependent two-form potential could lead to different conclusions
regarding the generality of the past attractor for spatially homogeneous pre-big-bang
cosmologies. It would be interesting to investigate this possibility further.
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